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Fractional Noether theorems for Hamilton system with
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Abstract: The fractional Noether symmetries and fractional conserved quantities for Hamilton system with
time delay based on Caputo derivatives are discussed. The fractional Hamilton canonical equations of the
corresconding system with time delay are established base upon the fractional Hamilton principle of the
Hamilton systems with time delay. Then, the fractional Noether symmetries of the Hamilton system with
time delay are obtained, which based on the invariance of the fractional Hamilton action with time delay
under the infinitesimal transformations of group. Finally, fractional Noether theorems with time delay of
the Hamilton system are established. At the end, one example is given to illustrate the application of the
results.

Key words: time delay; Hamilton system; Caputo derivatives; Noether symmetry; conserved quantity

BB AMTNRIITRA,, BB ARREARTT E 2 e, S v Mt & B2, B e 5 4 45
SN, RSB BT B AT AR AN B 3R, 1996 4E, Riewe" ™! ¥ YK AN U R 4y
FIRRBE AT R BN BA TR, B SREEERSE I 2 E R, TR T4 B0 A 43 1
SYBUNMBUYTFRA T Z T2 . MBI A IRIFSRIE 20 4ok, 6 TR B R LR 478 4 vl S

+ YFSHEHEI: 2016 -05 -12
BEE£WE: ERARPFEEETRBIE (10972151, 11272227)
EFRNT: T4&R (1983 4F4%), 2o MARAm: ¥ iy E-mail: vividding@ 126. com



80 HIlRA R AR (ASRBERR)

555 &

(B 55 4G T — & 50 30 . Frederico il
Torres' ™~V BFSY 1 BB A S0 BB A8 4 5 B
Ak I5] Y Noether 5 ¥, Atanackovi 25 {4 2
PRSP RE LT iR, B8 T IR RS
(453 BB Noether & H, SRTTXS T3 BB S 80T &
s 1 28 23 ) 8 B JLAE A TT IR 1Y) . 2008
4£, Baleanu, Maaraba FI Jarad"” " & W8 T 4>
RG-SO 05 I A 0 B A2 R, SRS T
Caputo 73 5B T 1Y 25 IS 9 3 B0 742 4 J 2
e T8 Y Caputo 730 KB 5 K0T /Y i B 3
B AR o B Ak il Pl B, e 5 3 A By
SECNARRST S35 LA S Birkhoff R &85 127 1978 7
(5] S HORFRMEREAT TR, R4S 3 T — SRS
R ARIORE— LW FEEE T Caputo 4R 25 I iy
(%) Hamilton 5t 5)) 7177 1) 73 8 Noether X Frdi

1 5 Ay SO A 5

AR5 H H B3 2] ) Riemann-Liouville 41
S Caputo U E SCAIMET . TEAETF IR W SCHER [1
-2 J o

/£ Riemann-Liouville 434 S8 1 52 LR

PO = i a)

[[(t=D ey dr (1)
4 Remiann-Liouville 238 {80 i) € XN
« oL o dy,
tDt2f<t) - I-v( ( )

n—a)\ dt
[t =0 fryds (2)
75 Caputo 4141 550

D) =

r(n-a
[ (LY strar (3)
47 Caputo 44 S HOh

DL f() =

I'n-a) '
[0 (- Yy @

Ho I s g Gamma %L, o N FEIBY, W2 n
—1 S a < no%“ay‘j%ﬁﬂd‘, ﬁ

D) = D) = |

i
LGE

Dif() =Dy fn) = (- $) A ()
SYR AR A

[, i de = [0 Dre(ndr (6)
LR
[Ce( D = [ f(), D e(0)d -
Tl PO [ Dy e (2 - 0 ] =

['ro.0 e -
ﬁ:f(i)tD?[jtzDZg(z)(z—t)“’ldz]dt (7)
Hore (4,1,,), HA

[e peprar -

f:zf“)’Dz g(t)de + _”ZOlDTHnng)D"‘l‘Jf(z) ‘:]2
(8)
[Ceinsfnar = [, pre(ar +

> (=D e (DD [ (9)

=0

2 EEAE R ET Hamilton (E 572
MBS RGH n AT AR g, (s = 1,2,
n) KHE . EEHHEI S Lagrange wiHCH
L = L(t,q.(t) v Diq.(1) ,4.(1) . (1) 14, (1)) =
L(t,q.,, Diq.,.(1) g, 4., (10)
JORIR < - 0 NEMIIESE
I I B9 43 2B T 3l & F1 Hamilton pR
Bk
oL

Pu(t) = A (p (1) =
SOp, =0 = 2E@0 (D

H(t,pop.1q.Pw4.) = P(1)q. (1) +

Pa(0) DI (1) +p (14, (1) =L (12)
WG (12) KBTI XS iR S, 4
|

a oH . .
lClqus(t) = (t), q,(t) +qw(t+7-) -
P s
My + M vy, L<t<t -7,
ap, ap,,
 ya oH
letq.s(t> = (t),
9P s

i =My, s <<y, (13)
ap,

FEARSF RG340 Hamilton J§ 3K



5 6 19

T A& FET Caputo SECT A I Y Hamilton RGEAY 73 40HT Noether FHlE 81

) . "
f [8p, . Diq.(1) +p, (1)8 Diq, + p,q, (1) +
p.(1)8q, + 8p.q,.(t) +p,(1)dq, -

oH oH oH
—(t - —(t - t -
aqs( )64, 0%( )64, o (1)8p,

as

oH oH
P ST ,ldt =0 14
3 (D00 = (D ap, T (14)

HL 2 45
q,(t) =0(t), telt, -7,1],
q,(t) =q,(,),
i =t,,(s =1,2,---,n) (15)
Hor0,(0) Ry (1, - 7,0, ] BT EIBOGH R,
q,(ty) HEHISELE
FKRIT3CHk [20] eSS, B (13) A1 (14)
X, AT
=Dy pe () +p (1) +p, (¢ +7) +
oH oH
a0, "t g,

1 « &) N ,
mlth_T‘[tz—T(tDt2 Pm(Z)(z —t) l)dz =0

LStE<t, -7

a N aH
_tDlzpas(t) +ps(t) +£(t) =0

(t+7) +

L, -7 < t<t (16)
Wz Jife (13) M (16) &5t Caputo SECT AY
IR (4 7727 2R GE I 70 BT Hamilton TR 757 o

3 FHf i 1) Hamilton ZR 48105341
K Noether X FR1E

Caputo 5T 135 I i ) Hamilton 5 581 73
Xl Hamilton /RN

S(y) = fﬁz(pm(t) yDig. (1) + p(1)q.(1) +

P (0)q,(t) —H)dt (17)
Hopy NREC L, 5IATCHR/IMAE
i =1t+At,q,(t) =q,(t) +Aq,,p, (1) =
p.(t) +Ap,,(s =1,2,--.n) (18)
HETr
=1+ £,€0 (1,q5P4 sPak) »
q,(1) = q,(t) + &, (1,q5.P4Put) »
p (1) = p (1) +e,m7(1,q,,pPur)
(s,k =1,2,--,n) (19)
Hibe, (o =1,2,,r) NEHBNSEL, & .6 Fin!
HTCR/N A OB B R B, FEAE e (18) R,
& AT Y2009 Hamilton /RIS (17) 2204

SG) = [ [ (DEDI(D) + (1) 0.(1) +

P (1) q,(t) = H(t,p, (1) ,p.(1) ,q.(1),
P (1) g, (1)) Jdt (20)
Hoy Sy y B4R 2
Bt AS RAZEHATGHIZE S(y) - S(y) X &
W Lk, WA

{2 ~ ol
AS = [ [ Ap.SDig. (1) +p.(DACDSq, +
0 1 1
Ap,q,(t) +p,(1)Aq, +Ap,q, (1) +p, ()Aq, -

oH oH oH
at(t)At aqg(ths apm(t)Apm-

oH
aq,,

(D4q, = S0 ap, - %umpw v
(pu (D2, (1) +p.(D)G.(1) +
P (1) ~H) S (ande @D)
T
Jij[Ap”q}(t) +p,.(1)Aq,, - %(t)Aqﬂ -

H : d
SO, +p (D4, (1) §(AD) Jde =
p‘VT t

ﬂh[Aps(ﬁ)q'”(e +7) +p,(0 +7)Aq,(0) -

O g yaq.(0) - (g4 r)ap.(0) +
99, P,

P (0470, (0 +7) (A0 Jdo (22)
Bk (2) RAR D), #
_ [ € na oH
as = [ [ara(iore. - 25w) +

1

Pu(DA (DI, + (p(t) +p,(t +7))Aq, +

8. (6.0) (o) =20 = BT n)) -
%I(t)m - (S—Z(t) + %(t + T))Aqs +
(P (1) D20 (1) + p(DG.(0) +
Pt 4 )i (14 7) — H) S (A D e+
[* [ o £0ig, + A p (0 Ctq, -
oH . oH
o (D) An (a0 - 2w+
P (044, - Zyar-Hyag +
at dq,

(Pu(D) {DE0.() + p(D,(0) = 1) (A 1) s

(23)



82 HIlRA R AR (ASRBERR)

555 &

FER
8q, = Aq, —qA t8p, =
Ap, —pAIA D, =
€ na d
’ID,BqS + (a
PR d (18) FuArdBi szl (6) . (7). (8)
(9), M= (32) Alfkh
i) =7 d B
As = eyl @ +prE

£ (pa (1) [ DIq. (1) + p(1)q. (1) +
p(t +7)q,(t +7) - H) +

t

[ (oigpaco) —& D pa(o) +

“Drg,)At (24)

f%ﬁgﬂifiﬁ@D&uwﬂz—m*ﬂaw]+

gi’[ 'L;D;Xzfﬂ'pax<t> _p.s(t) —p‘ﬁ_(t + 7-) —

a

oH oH 1
C) - (i +7) - D
Gqs( ) 6%( ™) I (a) "7

12

f,ziT(lDZPaKZ)(z - t)"“1>dz] +

2

o o 8H — .
nw(thqs([) _a (f))"'ns(‘].w([‘*T) +
D s

as

0.(1) —%m —%u )i

[" e [noe + [ oo -
E,D; p,.(0))do + (p, (1) ZD?‘LU) +

p(0G.(0) ~H)E |+ & D8 p, (1) -

. aH “o [ C na aH
O A O) RO RO &
2 d.() - )l 25
w0 - 8l ) fa (25)
S
£ =& -8 =
Ny = P&C M = Mo — Pudl (26)

3 (23) F= (25) k4 Caputo FHCT 1Y & I il
(1177 22 GE 1 43 BBy Hamilton E F £ 748 73 1 JE A
N

LUE YA

AS =0 (27)

MIFRTCER /NS4 (18) 2 1% iy 1Y) 43 %X Noether
BOCF XA, BeRt, mat (23) 1%

My <t<t,-7B, A

A, (00,0 = 250 )+

A, (4,(0) 44, (1 +7) = 250) =20 4 )+
ap, .,
Pu(A;Diq, +p(t) +p,.(t+7))Aq, -
oH _(9H  \ , oH
S (DA (aqx(t) * o (1 ) )Ag, +
(Pa (D) Dq, (1) +p,(£)q, (1) +
p.(t+7)q,(t +7) - H) %(At) =0 (28)
My, —r<t<t, i, H

: py ol
Ap(£Drq. (1) - %

ap.(4.(0) = ELen )+ p (044, -

(1)) + P (DAL, +

oH oH .
ijm—gﬁwa%mMMQ%U>+
qs

P (1) ~ H) (A1) =0

2 (28) F1 (29) mjfkly, M, <t <t, - 7B,
H

(29)

P (O (EDE 44, Dray) +
((0) +p, (4 m)E - Dlg -
ol oH o
(aiqé(/» +@(I+T>)§x +

(P () Diq(t) —H)E =0

(o =1,2,--,r) (30)
M, —r<t<t, I, A
pu(D (D08 + S Drg.gr) +
Lo ﬁ o _ﬁ o
p.(og =Sl - hoe +
(P () Diq. (1) —H)ET =0
(0- = 1,2,"',") (31)

o= 1w, =X (30) A (31) BN & B Y
Hamilton &4:153 %0 Noether 255K,
IR BT

G|
AS-—f“a#AG)w (32)

H 6 = 6(1,9,,p0 0,4, 5P, ) ARTERREL, WIFK
ToRR/INVS e (18) 2 5 I Hif 1Y 43 BB Noether 32 X
TRHEXT RS . BEiE, B (23) 15

My <t<t, -7, A

C na aH
Apm(le, q,(1) - %

(1)) +

APS(q.A(t) +(jx7(t +7) _%(t) —(i)i(t +7'))+



5 6 19

T4 RE . FTF Caputo FEUF 1Y & B 19 Hamilton 2R 4511970504 Noether Fif 33

Pu(DALDq, + (p, (1) +p,(t+7))Aq, -
oH _(9oH oH
P (1) At (aqs(z) + aq_w(t + T))Aq,» +

(P (1) DIq.(8) +p(1)q. (1) +p, (1 +7)

: d d
q,(t +7) - H) dt(At) =- thG (33)
My, —r<t<t, I, A
(0. () = 2L(1)) + (DAL DIg, +

ap as

A (6, = 850 )+ (04, -
%—[j(t)m - ng(t)Aqs + (po (1) Dy, (1) +
q,

P60 — 1) A =~ a6 (34)

A (33) F1(34) afEFRH, My <t<t, -7
w, A
d

Pu()(ED1E + 3 EDiq.£7)+

(p,(t) +p,.(t+7))E _‘?le(t)gg _
oH OH -
(87(]5(” +£(t +T))§s +
(P (D) Dq(1) —H)E = -6
(o =1,2,,r) (35)
B-r<ts<suB, fH

C nago dC a T
pax<t)(t]Dt§s + E tlthx§0)+

p(g - lwg - Plne +

(P (1) D (1) —H)E == 6
(o =1,2,.r) (36)
HHAG = ¢,67, %r =14/, L (35) fl (36)
AR A 7 BT 1) Hamilton 2R 581 3 2B Noether 55
Ao
4 FE Y Hamilton 22580950508y
Noether B2
I(t,t +7,q,,q,,9,(t +7),pu Py sPs P (L +T),
Pus(t +7))

FRA & R 0 122 R B B s P E &, 2 ALY
WEBSHRE (13) f (16) MR ANZR1E 5T

d
El(t,t +7,4,,q,,9,(t +7),

PassPsr PPt +7) ,p (1 +7)) =0 (37)
XFF & B 4> £ By Hamilton R 48 (13) I

(16) , GnRREFREN R G 73 5B Noether Xif FR A8 4
5% Noether X FRAZ Y , 5 0] K A5 4H L 19 73 55 B 7
fiiE, T2, AUh e

EE 1 X T & B 53 208 Hamilton R 48
(13) A1 (16), GARTCBR/NEH (18) EREM
G388 Noether XJARASH:, W RGAFLE r ALk
SER PR SE R, M, <0 <, - 7 B, BN

17 = (p, (1) +p,(t+7))¢& +

' C nago o « 1 g
J:I[llDﬁfxpm(e) _fs 0Dt2—rpas(0) +F <a)§sﬁ *

DZ-TJtZ_T(oDZ Pe(2)(z2=60)")dz ]de +

(P (1) | Diq,(1) = H)E = const.
(g' = 1,2,"',7‘) (38)
§t2—7<tSt2HT‘I‘, %ﬂﬂ

= p (D& + [ (DD, (6) -

£ ,D;, p,(0))do +
& (P, (1) :D?‘]s(t) - H) = const.
(o =1,2,-,1) (39)
IERA: ¥ AL A 450 Hamilton 1 0 5 #24€
AF (25), FFHIER o, BP0 7 A% FIFR 3 X (8] 1
fEmEtE, Mo, <t<t, - 70, 155

H 0 wp e +

r

L[ DGEp, (0) — E1,D;_p,.(6) +

1 oo 2 « a-1
@& 0], (Pirn() =0y e]do +
& (P (1) Diq, (1) +p(1)q, (1) +
P+, (1 +7) —H) | =
H o sp e+
[Lmiena o) ~€iD, .p.(0) +
1 oo 2 a a-1
Tt eDzz-Tftz_T<HDt2pm(z> (z-0)"")dz]do +

€ (p (D DIq.(1) 1) }= 0,

(0 =1,2,-,r) (40)
My, —r<t<t, I, A

d o ! 9 ago o a
Gl P&+ [ D (0) - &,DLp.(0))d0 +

£ (po ()LD, (1) +p,(1)4,(1) )| =



84 HIlRA R AR (ASRBERR)

555 &

Gl P&+ [ D3P, (0) - &,D0p, (0))d0 +

& (pu (D Dg.(1) —H) | = 0,

(o =1,2,-,r) (41)
¥ (40) A (41) By, HEARRIZER,

EHE 2 X TF & B /8B Hamilion R 45
(13) A1 (16), GARTCBR/N R (18) ZEREM
I3 8B Noether HEXTFRAZ 4, W RGEAFAE r DL
MSE )RR, Yy <<t -7 I, JB

17 = (p,(t) +p,(t+7))¢& +

L ) _ _ 1 _
C nago oo o
J’l[ IID()foas(0> _g.s (ith—fpas(a) + F(Q[)fs

;th—f ) (9D2Pm(2) (z - 0)“")dz]d0 +

(pu (D20 (0) — H)ES + 67 = const

(0 =1,2,r) (42)
B, -7 <t < B, W
I = (0 + | (D3P, (0) - &,Dip,.(0) )do

+ €5 (p (DEDg. (1) - H)+ 67 = const.

(o =1,2,--+,r) (43)

IEBR: 2560 (25) 0 (32), FFAIHIS- 8o
IENEE (13) A (16), HFEIER] o, WS
R R AR, BAR4518 .

FERR 1 FE 2 Rk & I ) Hamilton RS
A8 Noether 52 3, H140 8% Noether & BT 1,
X} F Caputo FHUT #)% B i ) Hamilton R %5, 4N
RAEHR B — A E I 9 70 9 Noether X 7 722 462 5
53 EBY Noether HEXTFRAZ e, {8 A] GEAS 2| J1 % R4
) — A B~y e
5 & pl

Bl CHRIJI RGN Lagrange pRECH

L= (o) +i@]-5a-n)

(44)
Hodr kR E L, BRI B T <6, -0 WO HIESZE
IR 0, q(1) = 02(r) , EHEO() 22X
[ [ =70 ] EACHSBICHREG Xt =10,
telt, —7,0,]q(t) =q(t,) , XH q(1,) S
FEH
H=C (11) # (12), 753

p(1) = q(0)p, (1) = Diq(1)
H= 2L + 7 ()] + 2q (= 7) (45)

W A 558 1) 1E 7 #2R
iDq(1) =p (1) =0q(t) —p(t) =
0-D; p,(t) +p(t) +q.(t+7) +

L e j (Dp.(5)(z = 1) )ds = 0
I"(a)l =7 - t HI” as

h=stst -7
:Diq(1) =p (1) =0
q(t) —p(t) =0
- Dip (1) +p(t) =0
L —T<t<1I, (46)
I35 Noether %30 (35) #1 (36), 155
cpaz , 4 cpa
pa<t>(51Dt§1 +at‘th§0)+
p()E —q. (1 +7)& +
(Pa(t)leﬁxq(t) -H)¢ =-6
hststl, -7
cpez , 4 cpa
pa<t>(t1Dt§1 +$”th§0)+
P& + (p () Diq(1) ~H)é =~ G
L —T<t<t, (47)
JifE (47) Ak
& =16 =06 =01, <t<t, (48)
& = 1,6 =4q),
6 == 3L (D) 47 (1) ~ g1+ 1),
LSt <t -1,& =1, =q1),
6 == L)+ (D],

L-T<i<t, (49)
AT (48) O (49) 15 BAHNL T AR GEH 70 B
Noether XJFRPE, HER 1 g 2, 153

I = ﬁ:[—iDzzi(e)pa(a) +4(0)iD,_p.(8) -

1 ca 2 a -1
. _p)e d
F((X)qHD/z—rjer(9Dt2pas(z> (z-6) )dz] 0+

PDEDIG(D) = 22 (1) 9 (1) + (= 1)] =
const.

h=stlst -7,

I' = f,:(—leZq'(e)pa(o) +4(6),Dp,(6) )6 +

P(DEDI() = () +p (1) + 4 (1= 7)] =

const. t, -7 <<t (50)



5 6 19

T4 RE . FTF Caputo FEUF 1Y & B 19 Hamilton 2R 4511970504 Noether Fif 85

Fo=(p(t) +p.(t+7))q(1) +
P (D EDFq(1) = p (1) -

(D) = T -7 g+ )],

<t <t,-rt

Po=p(1)q(t) +pa(t):‘;Df‘q(z) -pi(t) -
(p(1))* -%qz(t 1), L —T<t<1,

(51)
A (50) F1 (51) & B A9 Hamilton R%E
AL T 53 BB Noether XFFR%E: (48) Fi Noether
XIFRME (49) BY5-BUo~yiE i
LT BN SRR AAEAERS, SPEE (50)
(51) BWRH
I == 2P0 9 vk -] =

(52)

const.
P o= (p(1) +p,(t +7))q(1) = p*(1) -
%[qz(t—ﬂ —qi(t+7)], <t <t -7
Po=p(1)q(e) -p*(1) -
%qz(t—r), L-T<t<t

3 (52) 1 (53) J2& & W #iF Y Hamilton 3 4% 1)
Noether X4 FHE S FRYE B ~7 48 5o Q0 R B s
W AR, WL (52) A (53) wifdfb b4t
T RGERSFE R

6 4

A SCHET Caputo FAUEES 1 3 I 1) Hamilton
ARG 43 BBy Hamilton J5LHE, S iy 1 & I Hif (19
Hamilton £ 4t 19 47 20 % Hamilton 1F N 572 (13)
A(16), 153 7 & I 1943 B8 Hamilton 4E H 5t
OB FEA AT (23) F1(25), 153 1 Hf
s 19 70 B9 Noether XFFRYE; FES7 1% I Y Ham-
ilton RGBT ELYT Noether R85, L&Ay )7 16 45
R 35 FAPE, AT T3 B SR 1Y A
IS ) el N R T VA I R NG DR L EO D
¥R,

Sk

[1] OLDHAM K B, SPANINER J. The fractional calculus
[M]. New York: Academic Press, 1974.

[2] PODLUBNY I. Fractional differential equations[ M]. San
Diego: Academic Press, 1999.

[3] RIEWE F. Nonconservation lagrangian and hamiltonian
mechanics[ J]. Phys Rev E, 1996,53 (2). 1890 -

L <t<t,

(53)

[4]
(5]

(6]

(7]

(8]

(9]

[10]

[11]

(12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

(21]

1899.
RIEWE F. Mechanics with fractional derivatives [ J].
Phys Rev E, 1997, 55(3): 3581 —3592.
AGRAWAL O P. Formulation of euler-lagrange equations
for fractional variational problems[ J]. J Math Anal Ap-
pl, 2002,272(1) : 368 —379.
BALEANU D, AGRAWAL O P. Fractional hamilton for-
malism within caputo’s derivative [ J]. Czechoslovak J
Phys, 2006, 56 (10/11) . 1087 —1092.
BALEANU D, TRUJILLO J I. A new method of finding
the fractional Euler-Lagrange and Hamilton equations
with Caputo fractional derivatives[ J]. Commun Nonlin-
ear Sci Numer Simulat, 2010, 15, 1111 —1115.
ZHANG Y. Fractional differential equations of motion in
terms of combined Riemann- Liouville derivatives[J].
Chin Phys B, 2012, 21(8) : 084502.
LI Lin, LUO Shaokai. Fractional generalized Hamiltonian
mechanics[ J]. Acta Mech, 2013, 224 (8). 1757 -
1771.
TR KRB T RO Y 23 B B3 Y
E1-Nabulsi-Pfaff 4543 [7] 511 Noether XFFRIE[J]. Hiil)
Repradi (A RBEERR) , 2014, 48(6) « 829 - 833.
kg% AR T BT AL (A 2 ) TR AR R
J1%2 R B Noether XFFRPELT]. Hrili R 22254 ( B 4K
Bl2ERR) , 2015, 54(4) . 37 -42.
FREDERICO G S F, TORRES D F M. Noether’s theo-
rem for fractional optimal control problems[]J]. Math,
2006, 2(1) .74 - 89.
FREDERICO G S F, TORRES D F M. Fractional con-
servation laws in optimal control theory[J]. Nonlinear
Dyn, 2008, 53(3) . 215 —-222.
ATANACKOVIC T M, KONJIK S, SIMIC S. Variation-
al problems with fractional derivatives: Invariance condi-
tions and Noether’s theorem[ J]. Nonlinear Anal, 2009,
71(5/6) : 1504 —1517.
JARAD F, ABDELJAWAD T, BALEANU D. Fractional
variational principles with delay within Caputo deriva-
tives[ J]. Math Phys, 2010, 1(65) . 17 -28.
JARAD F, ABDELJAWAD T, BALEANU D. Fractional
variational optimal control problems with delayed argu-
ment[ J]. Nonlinear Dyn, 2010, 62 (3): 609 -614.
JARAD F, ABDELJAWAD T, BALEANU D. Higher
order fractional variational and optimal control problems
with time delay[ J]. Appl Math Com, 2012, 218(2):
9234 -9240.
ZHAI X H, ZHANG Y. Noether symmetries and con-
served quantities for fractional Birkhoffian systems[ J].
Nonlinear Dyn, 2014, 77(1) . 73 - 86.
JINS X , ZHANG Y. Noether symmetries for non-con-
servative Lagrange systems with time delay based on
fractional model[ J]. Nonlinear Dyn, 2015, 79 1169 —
1183.
JIN S X , ZHANG Y. Noether theorem for non-conser-
vative systems with time delay in phase space based on
fractional model[ J]. Nonlinear Dyn, 2015, 82 663 —
676.
AR, TR BT Caputo 73 Bk i) 5 i 1AL
157 B G55) 1124 1 Noether XFFRIEE[T]. w1l k2%
e HABARR) , 2015, 54(5) - 49 -55.





